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Abstract

The problem of reconstruction of an apparent propagator from a series of diffusion-attenuated magnetic resonance (MR) signals is
revisited. In nonimaging acquisitions, the inverse Fourier transform of the MR signal attenuation is consistent with the notion of an ensemble
average propagator. However, in image acquisitions where one is interested in quantifying a displacement distribution in every voxel of the
image, the propagator derived in the traditional way may lead to a counter-intuitive profile when it is nonsymmetric, which could be a
problem in partially restricted environments. By exploiting the reciprocity of the diffusion propagator, an alternative is introduced, which
implies a forward Fourier transform of the MR signal attenuations yielding a propagator reflected around the origin. Two simple problems
were considered as examples. In the case of diffusion in the proximity of a restricting barrier, the reflected propagator yields a more
meaningful result, whereas in the case of curving fibers, the original propagator is more intuitive. In the final section of the article, two more
one-dimensional transformations are introduced, which enable the reconstruction of two- and three-dimensional propagators in, respectively,
axially symmetric and isotropic environments — in both cases, from one-dimensional q-space MR data.
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1. Introduction

Diffusion of molecules is an indirect yet powerful
indicator of material and tissue microstructure. Pulsed-
field-gradient (PFG) MR [1] is a convenient noninvasive
method that can be used to observe diffusional motion of
spin-bearing molecules such as endogenous water. The most
commonly performed PFG-MR sequences involve the
application of a pair of magnetic field gradient pulses
around the 180° radiofrequency (RF) pulse in a spin-echo
experiment. A spin that is moving between the application of
these two pulses suffers a net phase shift. An ensemble of
randomly moving molecules leads to an incoherent phase
profile, which causes a decay in the acquired MR signal [2].

The attenuation of the MR signal can be changed by
varying the experimental parameters, e.g., the magnitude and
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orientation of the diffusion gradients. This approach, some-
times referred to as q-space MR, enables the study of
compartments whose dimensions are much smaller than the
resolution achieved by MR imaging and microscopy. For
example, the nonmonotonic dependence of the q-space
signal on the wave number, q, [3,4] provides a direct means
to determine microscopic compartment sizes.

To elucidate microstructural features of the specimen, one
may fit physical models to the acquired q-space data.
Alternatively, it was shown that the diffusion-attenuated MR
signal profile can be transformed into a probability
distribution function, hereafter referred to as the apparent
propagator, quantifying the average probability for molecu-
lar displacements. The procedure for obtaining an apparent
propagator from the MR signal was first proposed in Ref. [5].
The formalism was subsequently used to obtain symmetric
apparent propagators in microporous zeolite crystallites [6].
It was shown that, in analogy with k-space MR imaging, the
reconstructed propagator can be envisioned to be a “q-space
image” of the displacements [7]. At around the same time,
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the PFG block was incorporated into nuclear magnetic
resonance (NMR) microscopy sequences [8,9] that provided
spatially localized displacement maps.

The q-space MR technique and the reconstructed apparent
propagators have been used in a variety of contexts. For
example, the reconstructed apparent propagator was shown
to be a valuable marker of tissue microstructure [10]. In
three-dimensional q-space acquisitions, the maxima of the
orientation-dependent probabilities have been associated
with the directions of white-matter fibers in the brain [11,12].
Descriptors of diffusion propagators, such as its moments
and return-to-origin probability [13], are indicators of
microstructure [14], which, in tissue, could be sensitive to
changes due to aging, development and disease [15]. In
disordered media, the q-space signal was used to estimate
the propagator's scaling exponents that are related to the
fractal dimension of the medium [16].

However, in this work, our focus is somewhat different
from characterizing the microstructural features of porous
media or tissue, although our findings may eventually be
used in such studies. Instead, in more general terms, we
discuss the propagators attainable from q-space MR and
propose three new ways of obtaining propagators. After
reviewing the notion of ensemble average propagators in the
next section, we show that the meaning of the apparent
propagator in MR imaging acquisitions is different from that
in spectroscopic scans in the subsequent section. Conse-
quently, a new notion of the apparent propagator for image
acquisitions is introduced, which may be found useful in
partially restricted environments. In a later part of the article,
we consider one-dimensional q-space sampling performed
on axially symmetric and isotropic environments and derive
the corresponding transformations of the one-dimensional
signals into two- and three-dimensional propagators, which
are subsequently shown to be geometrically more mean-
ingful than their one-dimensional counterparts.
Fig. 1. A schematic of the diffusion-weighted pulsed field gradient spin
echo imaging sequence. Repetition of the pulse sequence with varying g
and G values; hence, sampling a six-dimensional space enables one to
reconstruct three-dimensional displacement maps at each voxel of a three
dimensional image.
2. Background

In a nonimaging PFG-MR signal acquisition, when the
diffusion gradient pulses are infinitesimally short, the proton
MR signal is given by [5]

Sðq;DÞ =
Z
R3

dx0 qðx0Þ �
Z
R3

dx1 e
�i2pqd ðx1�x0ÞKðx0; x1;DÞ;

ð1Þ
where ρ(x0) is the spin density at time t=0, which is typically
equal to a constant over the entire region chemically connected to
the region from which the signal is to be acquired, and is zero
elsewhere. K(x0; x1,Δ) denotes the propagator indicating the
probability that a spin initially situated at location x0 will have
moved to location x1 after a time interval Δ. Finally, q=γδG/(2π)
is an experimentally controlled vector, where γ is the
gyromagnetic ratio, δ is the duration of the diffusion gradient
pulses and G is the diffusion gradient vector. Note that S(q, Δ) is
equal to unity at q=0 when the entire specimen is contained
within the coil's sensitivity region. Therefore, we can refer to S
(q, Δ) as signal attenuation and denote it by E(q, Δ).

If we introduce a net displacement vector, u=x1−x0, the
signal attenuation is given by

Eðq;DÞ =
Z
R3

du e�i2pq�uPspðu;DÞ; ð2Þ

where

Pspðu;DÞ =
Z
R3

dx0 qðx0ÞKðx0; x0 + u; DÞ ð3Þ

is the apparent propagator, where the subscript “sp” refers
to spectroscopic (nonimaging) acquisitions. Note that the
above definition is consistent with the notion of an
ensemble average propagator as Psp(u,Δ) indicates the
average probability that the spins within the ensemble will
undergo a displacement u. Eq. (2) suggests that the
spectroscopic ensemble average propagator can be
obtained from the MR signal attenuation via an inverse
Fourier transform,

Pspðu;DÞ =
Z
R3

du ei2pq�uEðq; DÞ: ð4Þ

3. New notions of the apparent propagator

In this section, we shall consider the diffusion-weighted
imaging pulse sequence illustrated in Fig. 1. Repeating this
acquisition, with varying orientations of the imaging
gradients ±g (depicted by gray boxes), enables one to
reconstruct three-dimensional images of the specimen
being examined. Repeated acquisition of such three-
dimensional images with different diffusion-weighting
gradients G (depicted by blank boxes) yields a series of
-
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signals at each voxel location. The goal is to create a map
of displacement distributions, each of which corresponds to
a particular voxel [8,9]. Note that although simpler
applications of diffusion-weighted acquisitions (without
the application of ±g gradients) can be considered imaging
[7] as well, for the purposes of this discussion, we don't
refer to mapping displacements as imaging.

For the sake of simplicity, we shall assume that diffusion
takes place only between the application of the two
diffusion-sensitizing gradients, i.e., during the time interval
Δ. Furthermore, we assume that the gradient pulses are
infinitesimally narrow (δ→0) although the q-vector has
finite magnitude.

The magnetization density immediately after the applica-
tion of the second diffusion gradient is given by [17]

Mðx1; q; DÞ =
Z
R3

dx0 qðx0Þe�i2pq�ðx1�x0ÞKðx0; x1;DÞ: ð5Þ

In our imaging experiment, this magnetization is subse-
quently encoded via the application of the frequency
encoding gradients, ±g. If we define the quantity k(t)=
(2π)−1γg(t−T0−T/2), where T is the duration of the acquisi-
tion, which starts at t=T0, then the k — hence time —
dependent signal from this pulse sequence is given by

S̃ðk; qÞ =
Z
R3

dx1e
�i2pk�x1Mðx1; q;DÞ; ð6Þ

where we do not explicitly write the Δ dependence of the
signal for brevity. Note that this equation is different from the
corresponding expressions in Refs. [8,9] in two respects.
First, the Fourier kernels are the complex conjugate of those
in these references, where the latter is consistent with a left
handed coordinate system. Additionally, Refs. [8,9] seem to
suggest that k-space encoding is performed on the spins at
their initial (t=0) rather than final (t=Δ, assuming no
displacement after the application of the second diffusion
gradient) positions.

When the inverse Fourier transform of both sides in Eq.
(6) is taken via integrating over the variable k, the q-space
signal at the voxel location X is given by

SðX; qÞ =
Z
R3

dx0 qðx0Þe�i2pq�ðX�x0ÞKðx0;X;DÞ: ð7Þ

An NMR signal attenuation can be defined by dividing the
above expression by the signal S(X,0), resulting in the
expression

EðX; qÞ =
Z
R3

dx0 qN ðx0;XÞe�i2pq�ðX�x0ÞKðx0;X;DÞ; ð8Þ

where the normalized dimensionless spin density ρN (x0,X)
is defined through the relation

qN ðx0;XÞ =
qðx0ÞR

R3 dx Vqðx VÞKðx V; X; DÞ : ð9Þ
Clearly, it is not possible to obtain the real propagator
K(x0; X, Δ) from S(X, q) data. However, an “effective”
or “apparent” displacement probability distribution for each
voxel can be defined by taking the Fourier transform of the
E(X, q) profile. As discussed in the Background section,
the traditional way of obtaining such a distribution has
involved the change of variables u=X−x0 and, subse-
quently, taking the inverse Fourier transform of the signal
attenuations. We shall denote the resulting apparent
propagator by Pim,1(X, u), which is expected to represent
the probability for spins within the voxel location X to
undergo a displacement of u between the two diffusion
gradients. The apparent propagator derived in the tradi-
tional way is then given by

Pim;1ðX; uÞ =
Z
R3

dq ei2pq�uEðX; qÞ
= qN ðX� u; XÞKðX� u;X;DÞ: ð10Þ

Note that, when we use the word “traditional,” we do not
refer to this particular form of the propagator. Rather, we
refer to the method (the change of variables u=X−x0) that
leads to this propagator.

Now, we shall do something different to Eq. (8). First, we
restrict ourselves to diffusional motion only. In this case, the
propagator, K(x0; X, Δ) is known to possess the reciprocity
property [18], which ensures that

Kðx0; X;DÞ = KðX; x0;DÞ: ð11Þ

Plugging this expression into Eq. (8), and employing the
change of variables u=x0−X, we obtain

EðX; qÞ =
Z
R3

du qN ðXþu; XÞei2pq�uKðX; Xþ u; DÞ: ð12Þ

Consequently, another notion of apparent diffusional
propagator is available through a forward Fourier transform
of the E(X, q) profile:

Pim;2ðX; uÞ =
Z
R3

dq e�i2pq�uEðX; qÞ
= qN ðX + u;XÞKðX;X + u;DÞ: ð13Þ

Wewill now examine Eqs. (10) and (13) and try to understand
what the two definitions of the apparent propagators quantify.
First, note that, in both cases, the apparent propagators are
weighted by the normalized spin density

qN ðXFu;XÞ = qðXFuÞR
R3 dx Vqðx VÞKðx V;X;DÞ ; ð14Þ

where the + and− signs correspond to the apparent propagators
derived in the new (by exploiting the reciprocity of the
diffusion propagator) and traditional ways, respectively. The
above expression suggests that instead of the initial spin
density at the voxel location, the density at a distance ±u away
from the voxel location is used, although its normalization is
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performed by integrating the propagator at the actual voxel
location (X).

Second, Eq. (10) suggests that the first notion of the
apparent propagator is proportional to K(X−u; X, Δ), which
is the probability that a particle will undergo a displacement
u before it arrives at the voxel location X. In contrast, the
second notion of the propagator quantifies the probability
that a particle situated at the voxel location will have moved
a distance u away from the voxel location. Clearly, in most
applications, the apparent propagator is expected to represent
the likelihood for motion along different directions. When
the motion along one direction is more likely than that along
the opposite direction, e.g., due to a barrier on one side, we
would like to assign larger probabilities to the direction of
higher mobility. The first new notion of the apparent
propagator quantifies the probabilities that results in the
motion that brings the molecules to the voxel location.
Therefore, if we visualize the propagator, for example, by
vectors whose magnitude (length) represent the probability
values, then the proper visualization of Pim,1(X, u) would
involve “inward” vectors whose tips would be located at the
voxel location and tails would be away from the center of the
voxel. However, this is an unconventional representation. A
more intuitive representation would employ “outward”
vectors. This is implicitly assumed when white matter fiber
orientations are depicted by orientation distribution func-
tions. Therefore, we can expect the second new notion of the
apparent propagator, Pim,2(X, u), to yield a more intuitive
visualization of probabilities. By no means do we suggest
that Pim,2(X, u) will always yield more meaningful results.
For example, as detailed below, in the case of curving fibers,
Pim,1(X, u) yields a more intuitive output. Moreover, as will
be discussed in Discussion, Pim,2(X, u) is not defined for
flow propagators, in which case the first new notion of the
propagator yields correct and intuitive results.
Fig. 2. (A) A sketch of the partially restricted geometry considered. The region Xb0
are reflected. The imaging voxel is situated at the location X=0.2w. (B) The apparen
location specified in Panel A. (C) The same geometry with a finite voxel size loca
propagator (Pim,2) over positive displacements to the integral over negative displacem
Comparing the two new notions of the apparent
propagator for imaging sequences, we note that the relation

Pim;2ðX; uÞ = Pim;1ðX;�uÞ ð15Þ
holds. This suggests that when diffusion is symmetric, the
two results are identical. However, it is known that
nonsymmetric diffusion propagators, i.e., complex-valued
diffusion MR signals, are possible, e.g., when the spins are
trapped within a Y-shaped object [19] and in partially
restricted environments [20]. Some examples to other
diffusion-related mechanisms that could lead to asymmetric
propagators are treated next.

3.1. Diffusion in the proximity of a single infinite plate (1p)

As an example for a partially restricted environment,
consider a very simple geometry where diffusion is
impeded by an infinite impermeable plate located at X=0,
which restricts the diffusing particles to the region XN0 as
shown in Fig. 2A. For this geometry, the spin density is
given by

q1pðX Þ = qΘðX Þ; ð16Þ
where Θ(X) is the Heaviside theta function, which takes the
value of 1 when its argument is greater than 0 and vanishes
otherwise. This one-dimensional geometry was considered
recently in Ref. [20], where, using the method of images,
the propagator was shown to be given by

K1p x0;X ;Dð Þ = 1ffiffiffi
p

p
w
ðe�ðX�x0Þ2=w2

+ e�ðX + x0Þ2=w2Þ

�Θ x0ð ÞΘ Xð Þ: ð17Þ

Here, w is a characteristic distance, defined by w=(4D0Δ)1/2,
where D0 is the free space diffusion coefficient. Straightfor-
is covered by a wall from which the spins that are diffusing in the region XN0
t propagators reconstructed both in the traditional and new ways at the voxe
ted adjacent to the wall extending to X2. (D) The ratio of the integral of the
ents from the voxel depicted in Panel C plotted as a function of the voxel size
l

.
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ward integration yields a simple expression for the normal-
ized initial density, given by ρN(x0, X)=Θ(x0). Therefore, the
two notions of apparent propagators are given by

q1pim;1ðX ; uÞ =ΘðX � uÞK1pðX � u;X ;DÞ; ð18Þ
and

q1pim;2ðX ; uÞ =ΘðX + uÞK1pðX ;X + u;DÞ; ð19Þ
respectively.

Fig. 2B illustrates these apparent propagators when the
voxel is located very close to the wall at X=0.2w. It is
clear that the propagator Pim,1

1p (X, u) leads to a counter-
intuitive picture in which displacements towards the wall
appear to be finite, whereas displacements to the right are
terminated although the wall is to the left of the voxel. The
second notion of the propagator, however, has the more
intuitive shape as the displacements through the wall are
cut off.

Note that the treatment we have presented has not taken
the finiteness of the voxel size into consideration so far. To
account for imperfect resolution of the acquired images, we
consider a voxel that starts at the wall–fluid interface and
extends a distance X2 into the fluid-filled region (see Fig.
2C). If we assume that all spins within the voxel contribute to
the overall signal equally, we can simply integrate the
expression for the magnetization density over the voxel. This
procedure was performed in Ref. [20], and the relevant
expressions will not be reproduced here. As discussed in Ref.
[21], restrictions introduce diffusional anisotropy in the
observed MR signal. Moreover, in Ref. [20], the anisotropy
induced by the one-sided geometry treated here was
considered and the effects of voxel size as well as the
distance between the voxel and the wall was investigated.
Since the same phenomenon is responsible for the
asymmetry predicted here, we can expect to observe similar
sensitivity of the asymmetry on the voxel size and location.
However, the previous treatment considered only the
magnitude of the signal, so the phase convention employed
was arbitrary. Since using the correct phase convention is
important for our application, we found it necessary to
change the sign of the exponent in the Fourier kernel. Once
the total signal profiles were computed up to voxels of size
X2=20w, we computed the Fourier transform of each of these
profiles using the definition in Eq. (13). Next, an asymmetry
index, defined by the expression

AI 0;X2½ �ð Þ =
Rl
0 Pim;2ð½0;X2�; uÞduR 0
�l Pim;2ð½0;X2�; uÞdu

ð20Þ

quantifying the level of asymmetry in the reconstructed
apparent propagator, was evaluated. In the above expression
[0, X2] denotes the voxel located between the points X=0
and X=X2. In Fig. 2D, we plot this quantity against the voxel
size. Although the asymmetry in the propagator quickly
decays with increasing voxel size, there is some asymmetry
even at the largest voxel size considered (AI≈1.03), which
corresponds to 0.8 mm for D0=2×10

−3 mm2/s and Δ=200
ms. Note that as discussed in more detail in Ref. [20], the
edge enhancement effect, manifested by a magnetization
enhancement near the boundaries, helps the asymmetry
prevail as the spins near the boundaries contribute more to
the resulting signal.

These peculiar observations have quite significant
implications when one deals with a diffusion-induced
asymmetry in the propagator. For example, in fiber
tractography, when branching fibers are encountered, the
directions of the branches will be flipped when the first
notion of the propagator is used, which can be appreciated
by considering the meaning of Pim,1(X, u) as elucidated
by Eq. (10). We note that although we discussed a semi-
infinite space in this example, the findings of the above
treatment will be valid when the spins are trapped within
a confined domain and the voxel of interest is closer to
one wall and sufficiently distant to others. Such a
situation can be encountered in single cell microscopy
[22] and in mapping the surface-normals of macroscopic
interfaces [20].

3.2. Diffusion in curving fibers (cur)

Another interesting example that we consider is diffusion
taking place inside curving fibers when the voxel contains a
portion of the fiber. To simulate such a system, we take a
circular loop whose thickness is assumed to be infinitesimal
for simplicity. We shall suppose that our images are of
dimension 2×2, where each pixel contains one of the
quadrants of the loop yielding a fiber curving towards a
different direction in each pixel. This geometry is illustrated
in Fig. 3A.

The initial spin density for this geometry is given by

qcur x0ð Þ = yðr0 � aÞ
2pr0

; ð21Þ

where r0 and ϕ0 denote the polar coordinates of x0, and the
radius of the loop is denoted by a.

To find an expression for the propagator, we follow the
procedure presented by Stephens [23], which yields

Kcur x0; x1;Vð Þ = yðr1 � r0Þ
pr1

� 1

2
+

Xl
m = 1

e�m2V=2cosmð/1 � /0Þ
" #

; ð22Þ

where r1 and ϕ1 denote the polar coordinates of x1 and V is a
dimensionless variable quantifying the dispersion amount
similar to the diffusion time; as V→0, the propagator tends to
a delta function, whereas as V→∞, it tends to a uniform
distribution on the circle.

The magnetization density can be obtained by evaluating
the integral in Eq. (5). The MR signal attenuation that
originates from a pixel that contains the portion of the loop



Fig. 3. (A) A sketch of the circular geometry considered. The dashed squares
depict the four pixels of the image. Each quadrant of the circle lies within one
of the pixels. (B) The reconstructed image of apparent propagators, Pim,1

(left) and Pim,2 (right), at relatively short diffusion times (V=0.5). (C) Same
with panel b but with long diffusion times (V=5000).
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between the angles θ1 and θ2 is obtained, after some algebra,
to be

Ecur h1; h2½ �; qð Þ = 1
2p

Z h2�/q

h1�/q

due�i2pqa cosu

"
J0ð2pqaÞ

+ 2
Xl
m = 1

ime�m2V=2cosðmuÞJmð2pqaÞ
#
;ð23Þ

where q and ϕq are the polar coordinates of q, and Jm (.) is
the m'th order Bessel function.

Evaluating this expression for a 129×129 matrix of
q-space samples for each of the four pixels in our image, and
subsequently taking the numerical Fourier transforms of the
resulting two-dimensional q-space arrays, we obtain a 2×2
image of the apparent propagator that would result from
curving fibers. Fig. 3B, C shows the apparent propagators,
Pim,1 and Pim,2 obtained using Eqs. (10) and (13), depicted,
respectively, on left and right columns. In this figure, Panel B
was obtained by setting V=0.5 representing small diffusion
time regime, whereas in Panel C, long diffusion time
behavior, obtained by setting V=5000, is depicted.
Clearly in Panel B, high-intensity regions are restricted to
the center of the displacement space. However, the long
diffusion time regime shown in Panel C is more interesting
where a distinct circular rim is observed in each pixel of the
image. In the case of the first notion of the apparent
propagator, this curve is almost identical to the portion of the
loop that resides within the pixel. On the other hand, the
second new notion of the apparent propagator results in rims
that are located near the center of the entire image. Unlike in
the problem of diffusion in the proximity of a single wall
considered above, the first notion of the propagator yields a
more intuitive output in the curving fiber geometry. Note that
the images obtained are still consistent with the meanings
attached to the two notions of the propagator by Eqs. (10)
and (13), as discussed above.
4. The apparent propagator in axially-symmetric and
isotropic environments

Frequently, the entire three-dimensional q-space is not
sampled because of experimental limitations or because the
desired characteristics of the specimen can be extracted from
one-dimensional data, which can be obtained by applying
diffusion gradients with increasing strength while keeping
their direction fixed. The single infinite plate and curving fiber
geometries treated above are examples to the class of problems
in which the sampling of the three-dimensional q-space is not
necessary. In this section however, we will tackle a different
scenario in which the specimen exhibits certain levels of
material symmetry such as full isotropy or axial symmetry.

Note that because of the symmetry in the considered
problem, the reconstructed propagators are guaranteed to be
symmetric. Consequently, the two notions of the apparent
propagators discussed above are identical. Therefore, the
subscripts of the apparent propagators will be replaced by
those indicating the dimensionality of the space in which the
propagator is reconstructed. Moreover, we consider a single
voxel in the image or assume that the experiment is
nonimaging; in either case, the geometry is assumed to be
fully contained in the voxel or in the sensitivity region of the
RF coil. Under these conditions, there is no need to include
the voxel locations, and it is sufficient to write the
displacement vector, which will hereafter be denoted by x,
r and R in one, two and three dimensions, respectively.

When one-dimensional q-space data is available, the
common approach to the reconstruction of an apparent
propagator involves the evaluation of the expression

P1DðxÞ =
Z

dq ei2pqxEðqÞ; ð24Þ

where the x-axis is defined to be the direction of the diffusion
gradients. For example, when the spins are trapped between
two parallel infinite plates (pp), separated from each other by
a distance L, with their normal vectors pointing along the x-
axis, the expected signal intensity due to infinitesimally short
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gradient pulses at long diffusion times (D0 Δ≫L2) is given
by [24]

Epp qð Þ = sin2ðpqLÞ
ðpqLÞ2 : ð25Þ

Here, the diffusion gradients are applied perpendicular to the
infinite plates. The corresponding apparent propagator is

Ppp
1D xð Þ =

L� jxj
L2

; jxj V L

0 ; jxj N L
:

(
ð26Þ

As seen in Fig. 4A, this is just a triangular function.
However, when an axially symmetric or isotropic speci-

men is being evaluated, having one-dimensional E(q) data is
sufficient to reconstruct— perhaps more meaningful— two-
and three-dimensional apparent propagators in cases of axial
symmetry and isotropy, respectively. In this section,we derive
the relevant transformations that relate the one-dimensional
signal to higher-dimensional apparent propagators and
compare these propagators to the one-dimensional propagator
obtained via the inverse Fourier transform of Eq. (24).

4.1. Axially symmetric geometries

Many geometries of interest have an oblate or prolate
structure, where the environment possesses a symmetry axis,
Fig. 4. The ensemble averaged propagators for the three closed geometries consid
parallel plates separated by a distance L. (B) The radial propagator of the cylindrical
of radius R0. (D) The three-dimensional (radial) propagator of the spherical pore o
L2≫1, D0 Δ/r0

2≫1, and D0 Δ/R0
2≫1, where D0 is the free space diffusion coefficie

short. Note that the radial propagators in Panels (B) and (D) are not defined for nega
values to the left of the zero-displacement point are taken to be the replicates of th
which is the z-axis in our treatment. An example of such a
diffusion process is Gaussian diffusion where two eigenva-
lues of the diffusion tensor are equal to each other. In such an
axially symmetric (transversely isotropic) process, the E(q)
profile is the same when the diffusion gradient is applied in
any direction (which defines the x-axis in our treatment)
perpendicular to the symmetry axis. Therefore, a two-
dimensional isotropic Fourier transform can be evaluated
from one-dimensional q-space data. To this end, we shall
start from the two-dimensional Fourier transform, given by

P2DðrÞ =
Z l

�l
dqx

Z l

�l
dqy e

i2pq�rEðqx; qyÞ; ð27Þ

where the vectors q and r are two-dimensional and reside on
the xy-plane; their radial and polar coordinates will be taken
to be (q, θq) and (r, θr) respectively. By inserting the
Rayleigh expansion for two-dimensional plane waves

ei2pq�r =
Xl

m = �l

imJmð2pqrÞ eimðhr�hqÞ; ð28Þ

into Eq. (27), it is straightforward to show that, in axially
symmetric environments, the two-dimensional isotropic
propagator is given by

P2DðrÞ = 2p
Z l

0
dq q J0ð2pqrÞ EðqÞ: ð29Þ
ered. (A) The propagator from parallel plate pores formed by two infinite
pore of radius r0. (C) The one-dimensional propagator for the spherical pore
f radius R0. In all cases, the diffusion time was taken to be very long (D0 Δ/
nt), and the duration of the diffusion pulses are assumed to be infinitesimally
tive radii. Therefore, to make comparisons with Panels (A) and (C) easier, the
ose for positive radii.
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The same analysis can be repeated for the forward Fourier
transform, yielding essentially the same expression that
transforms P2D (r) into E(q). Clearly, the two-dimensional
apparent propagator and the one-dimensional signal from
axially symmetric regions are related to each other through
the 0'th order Hankel transform.

The Fourier slice theorem implies that the one-dimen-
sional average propagator, obtained from a one-dimensional
Fourier transform, is related to the two-dimensional
propagator via the relation

P1DðxÞ =
Z l

�l
dy P2Dðx; yÞ

= 2
Z l

jxj
P2DðrÞ rffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2 � x2
p dr;

ð30Þ

which is just the Abel transform [25] of P2D (r). Therefore,
the two-dimensional axially symmetric propagator is given
by the inverse Abel transform of the one-dimensional
projection, i.e.,

P2D rð Þ = � 1
p

Z l

r

P VðxÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � r2

p dx: ð31Þ

4.1.1. The cylindrical pore at long diffusion times (cyl)
An example of a process with axial symmetry is restricted

diffusion taking place inside a cylinder of radius r0. The MR
signal attenuation is given by [2]

Ecyl qð Þ = J1ð2pqr0Þ
pqr0

� �2

: ð32Þ

The two-dimensional axially symmetric propagator can be
evaluated by inserting Eqs. (32) into (29) and is given by

Pcyl
2D rð Þ =

4 cos�1 r
2r0

� �
� r
r0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� r

r0

� �2
s

2p2r20
; r V 2r0

0 ; r N 2r0

;

8>>><
>>>:

ð33Þ

which is plotted in Fig. 4B.

4.2. Isotropic geometries

Porous materials that are the subjects of many MR-based
studies are isotropic or lead to isotropic propagators due to the
averaging process. In these environments, having the q-space
data with diffusion gradients applied along any direction is
sufficient to characterize the entire (three- dimensional)
average propagator. The three-dimensional isotropic propa-
gator can be reconstructed simply through the relationship

P3D Rð Þ = 2
R

Z l

0
dq q sinð2pqRÞ EðqÞ; ð34Þ

which is obtained by inserting the Rayleigh expansion of
three-dimensional plane-waves [12] into the three-dimen-
sional version of the Fourier transform relationship between
E(q) and P(R) as in Eq. (4), where q=|q|, R=|R| and q and R
are three-dimensional vectors. Note that the relation between
the three-dimensional isotropic propagator and one-dimen-
sional propagator can be found by invoking the Fourier
slice theorem,

P1DðxÞ =
Z l

�l
dy

Z l

�l
dz P3Dð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 + y2 + z2

p
Þ

= 2p
Z l

0
dq q P3Dð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 + x2

p
Þ

= 2p
Z l

jxj
dR R P3DðRÞ;

ð35Þ

where the changes of variables ρ2=y2+z2 and R2=x2+ρ2 were
employed in the first and second steps, respectively.
Differentiating both sides with respect to x and using the
fundamental theorem of calculus, one gets

P3D Rð Þ = � 1
2px

dP1DðxÞ
dx

� ������
x = R

: ð36Þ

4.2.1. The spherical pore at long diffusion times (sph)
When a PFG experiment is performed to observe

diffusion inside a spherical pore of radius R0, the MR signal
attenuation, when the separation between the two diffusion
sensitizing gradients is long, is given by [24]

Esph qð Þ = 3

ð2pqR0Þ2
sinð2pqR0Þ
2pqR0

� cos 2pqR0ð Þ
� �" #2

: ð37Þ

The three-dimensional isotropic propagator can be
evaluated by inserting Eq. (37) into (34) and is given by

Psph
3D Rð Þ =

3ð2R0 � RÞ2ð4R0 + RÞ
64pR6

0

;R V 2R0

0 ;R N 2R0

:

8<
: ð38Þ

The one-dimensional propagator can also be evaluated
using a one-dimensional Fourier transform of Esph (q) or by
inserting Eq. (38) into Eq. (35), and is given by

Psph
1D xð Þ =

3ð2R0 � jxjÞ3ð4R2
0 + 6R0jxj + x2Þ

160R6
0

; jxjV2R0

0 ; jxjN2R0

;

8<
:

ð39Þ
The one- and three-dimensional propagators are illustrated in
Fig. 4C and D, respectively.
5. Discussion

In the first part of this article,, we showed that the
apparent propagator, given by a Fourier transform of the MR
signal attenuation, is proportional to a shifted normalized
initial spin density and the real diffusion propagator. Both of
these functions were shown to have two different meanings
when the forward and backward Fourier transforms are
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employed. In most cases, when the diffusion propagator is
symmetric, and the spin density does not vary sharply within
the length scale of the displacements, the two notions of the
apparent propagator are identical. However, when the
diffusional propagator is nonsymmetric, the reconstructed
average propagators have quite different meanings. We have
shown that, in situations where nonsymmetric propagators
are encountered, such as in a partially restricted space, the
reconstruction of the diffusional propagator that exploits its
reciprocity property may lead to a more intuitive outcome.

As mentioned previously, the idea of an apparent
propagator dates back to the 1960s, when Stejskal discussed
the possibility of obtaining such a distribution from NMR
data [5]. The expression he proposed, which is reproduced in
the Introduction, has the same form as that which led to Pim,1

(X,u) in our treatment. Some of the subsequent works either
assumed symmetric propagators [6] or started the analyses
by using a phase change in the opposite sense to what applies
to protons [8,9]. In the former reference, the Fourier
transform is reduced to a cosine transform, and there is no
difference between the forward and backward directions of
the transform. In the latter references, which introduced
spatially localized displacement mapping, because the
treatment relating the MR signal to the propagator started
with a sign change in the acquired phase, the same analysis
as in Stejskal's work [5] led to the same form as that for Pim,2

(X, u) in our formulation. However, because of the
assumption that k-space encoding is performed on spins at
their initial positions, the meaning attached to the quantified
propagators is different in Refs. [8,9]. One of the goals of this
work was to shed some light on the apparent inconsistency in
the literature regarding the phase conventions used in the
estimations of the propagators from the MR signal intensity.

It is worth reiterating that, in the discussion that led to
Pim,2(X,u), we employed the reciprocity property of the real
propagator. This is a fundamental property for diffusion
propagators [18]; however, it may not hold for other types of
transport processes. Other mechanisms that could lead to
nonsymmetric propagators are flow and other types of
coherent movements such as bulk motion. However, in these
cases, the reciprocity property typically does not hold, and
the second notion of the propagator Pim,2(X, u) is invalid.
For example the simplest flow propagator is given in terms
of a Dirac delta function by

Kflowðx0;X;DÞ = yðX� x0 � vDÞ; ð40Þ
where v is the velocity of the flowing particles. Clearly,
such a propagator does not obey the reciprocity principle in
Eq. (11), and as such, using the propagator Pim,2(X,u) will
yield incorrect results as it would imply that the flow occurs
in the −v direction.

We would like to stress the other assumptions we
employed in the derivations we presented in the first part of
the article. First, for pedagogical purposes, the imaging part
of the pulse sequence we considered was taken to be a three-
dimensional radial k-space acquisition where both lobes of
the imaging gradients were applied after the diffusion
gradients. Although the essential features of our findings
are expected to be valid in most other imaging sequences,
even a minor modification such as moving the first imaging
gradient lobe to the proximity of the first diffusion gradient
will alter the formalism. We showed that moving from
spectroscopy to imaging necessitated a different interpreta-
tion for the reconstructed propagator. In a similar way,
changing the imaging pulse sequence will typically require a
reconsideration of the problem. The formulations we have
presented in this article may serve as a guide in this endeavor.
In fact, the dependence of the meaning attached to the
propagators on the pulse sequence may be one of the factors
that should be taken into consideration when designing
diffusion-weighted imaging protocols.

For different pulse sequences, or when one is interested in
incorporating diffusion taking place during the application of
the diffusion and imaging gradients, the application of the
multiple propagator formalism [4,26] to the imaging
sequences [27] can be employed. Similarly, throughout the
text, we did not discuss the effects of digitizing the echo.
Consequently, all of the Fourier transforms, except those in
the examples, were handled in the continuous domain. The
truncation and finite sampling of the echo in general leads to
a point spread function, which will yield an averaging of the
signal over a region surrounding the voxel location;
however, this would not change the conclusions of the
analysis as demonstrated in the one-sided plate and curving
fiber examples. As demonstrated above, although intravoxel
averaging led to a rapid decay in the predicted level for
diffusion asymmetry in the one infinite plate geometry, there
was some significant residual asymmetry even when the
voxel size was large (0.8 mm). In the case of curving fibers,
the voxel size was the primary cause of asymmetry in the
diffusion propagator because it is necessary for the fibers to
change their orientations considerably within the voxel for
this effect to be observable.

In the second part of the article, we considered apparent
propagators obtained through a one-dimensional Fourier
transform when the specimen under examination possessed
axial symmetry or isotropy. Based on the realization that one-
dimensional q-space data is sufficient to characterize higher-
dimensional propagators, a library of relationships was
derived between the one- and higher-dimensional propagators.

Simple geometries, such as infinite parallel plates,
cylindrical pores and spherical pores at long diffusion
times were considered as examples. The reconstructed
probabilities were illustrated in Fig. 4. Restricted diffusion
in the parallel plate pore geometry is manifested by a
piecewise linear apparent propagator, which is not smooth at
the origin. Similarly, almost linear two- and three-dimen-
sional propagators were obtained in the axially-symmetric
and isotropic environments, respectively. However, when a
one-dimensional Fourier transform is employed, the propa-
gator took a bell-shaped appearance (see Fig. 4C). This is an
example in which the one-dimensional propagator obscured
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some of the interesting features of the geometry. Therefore, it
may be beneficial to apply the one-dimensional transforma-
tions of Eqs. (29) and (34), in respective cases of axial
symmetry and isotropy, instead of the one-dimensional
Fourier transform of Eq. (24).

Note that the NMR signal can be seen as the characteristic
function of a phase distribution, i.e.,

S = hei/i =
Z

d/ ei/ pð/Þ: ð41Þ

As discussed earlier, the phase acquired by a proton in a PFG
experiment is ϕ=−i2πq·(x1−x0). In one-dimensional q-space
sampling, where the orientation of the q-vector is held fixed
along the x-axis, the phase is ϕ(x0, x1)=−i2πq(x1−x0), or
simply, ϕ(x)=−i2πqx, where x=x1−x0. Inserting this expres-
sion into the above integral, it is clear that the phase
distribution, p(ϕ(x)), is just the one-dimensional apparent
propagator. The fact that a smoothed version of the propagator
is obtained when a one-dimensional Fourier transform is
applied to the signal from spherical pores is an indication that
the violation of theGaussian phase approximation is expected
to be more severe in one-dimensional geometries (such as the
parallel plate geometry); the smoothing effect due to the
projection of the sharper high-dimensional propagator onto
the gradient axis leads to a Gaussian-like phase dispersion in
higher-dimensional isotropic environments.

Finally, since the propagator is the autocorrelation function
of the pore shape function at long diffusion times, in closed
pores, the zero-displacement probability is just the reciprocal
of the pore “volume.”As can be seen in Fig. 4A, B, andD, this
was exactly the case for the zero-displacement values of the
one-, two- and three-dimensional propagators for parallel
plate, cylindrical and spherical pores, respectively. The x=0
values of the one-dimensional propagators for cylindrical and
spherical pores suggest that there may not be such a shape-
independent relation between the P1D (0) value of a higher-
dimensional geometry and the shape of the pore, exemplify-
ing the utility of the higher-dimensional propagators.
6. Conclusion

In conclusion, revisiting the problem of reconstruction of
an apparent propagator from a series of diffusion-attenuated
MR signals led to a new understanding of the apparent
propagators in image acquisitions. In such scans, the
propagator derived in the traditional way may lead to a
counter-intuitive profile when the apparent propagator is not
symmetric. An alternative definition was introduced
obtained by exploiting the reciprocity property of the
diffusion propagator, which implied a Fourier transform in
the opposite sense leading to a propagator reflected around
the origin. This new form of the apparent propagator was
shown to be more meaningful in the problem of diffusion in
the proximity of a restricting wall. However, in the problem
of curving fiber and for flow propagators, the apparent
propagator obtained using the traditional approach lead to
more intuitive results.

In axially-symmetric and isotropic environments, we
showed how one-dimensional q-space data can be used to
reconstruct two- and three-dimensional apparent propagators
that may yield information that could be obscured by a one-
dimensional propagator. Also derived is a library of
previously undocumented relationships between the one-
and higher-dimensional propagators.
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